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I. INTRODUCTION
Thermoelectric materials employ the direct conversion of thermal to electrical energy, which plays an important role in various waste heat recovery applications. 1, 2 Quantitatively, the thermoelectric efficiency of a material is characterized by a dimensionless parameter, figure of merit (zT), which is defined as zT ¼ a 2 rT=ðj lat þ j ele Þ. The inter-related properties a, r, j lat , j ele , and T are Seebeck coefficient, electrical conductivity, lattice thermal conductivity, electronic thermal conductivity, and absolute temperature, respectively. The higher a material's zT, the greater is the thermoelectric efficiency. The inter-related thermoelectric properties make it difficult to achieve high zT in materials. 1 Building nanostructured thermoelectric materials have proved to be an efficient method to enhance the zT. [3] [4] [5] [6] [7] PbTe, a narrow direct bandgap semiconductor is a popular thermoelectric material in the temperature range from 300-850 K (Ref. 8) with unique properties such as low lattice thermal conductivity at high temperatures, increase in energy bandgap with temperature and strong temperature dependence of charge carrier scattering 9 and these properties favor lead telluride and its alloys as good thermoelectric materials. 10 Significant advancements in various nanostructuring techniques have improved the zT of lead telluride based thermoelectric materials ranging from 1.5 at 773 K to 2.1 at 800 K. [11] [12] [13] Recently, zT of 2.2 at 915 K was achieved in a p-type PbTe-SrTe system by combining endotaxial nanostructuring and atomic scale substitutional doping. 14 Many theoretical studies and calculations have been performed on PbTe and its alloys focusing on the electronic bandstructure and transport properties. [15] [16] [17] [18] The strong temperature dependence of charge carrier effective mass is an important parameter that influences the electrical conductivity and the Seebeck coefficient of a material. 19 At finite temperatures, the band energies of a material differ from energy values obtained at zero temperature because of overall thermal expansion of the crystal and thermal motion of the ionic cores. 20 Because of these thermal effects, the finite temperature systems differ from the equilibrium frozen lattice approximation. Moreover, in our material of interest, PbTe, it was observed that the Pb mean square thermal displacements are significantly larger when compared to that of the Te displacements at elevated temperatures. 21 In this study, we used first-principles calculations to determine the temperature dependence on the energy bandgap and electronic bandstructure of PbTe for an equivalent temperature range from 0-400 K. Although all the calculations were performed at 0 K, we introduced the temperature dependence by using the structural variations due to the finite temperature effects through lattice thermal expansion and displacement of ionic cores. The vibrational entropy of the system, which exists at finite temperatures, was neglected in our calculations since the density functional theory (DFT) calculations were performed at absolute zero temperature.
II. METHODOLOGY
The first-principles DFT calculations for the structural and electronic properties were performed using the Vienna ab initio simulation package (VASP) 22, 23 program together with projector augmented wave (PAW) potentials 24 with a plane-wave basis set limited by the cutoff energy of 400 eV. All calculations were done using the generalized gradient approximation (GGA) developed by Perdew and Wang 25 for the exchange and correlation potential. A 12 Â 12 Â 12 Monkhorst Pack 26 k-point mesh together with a MethfesselPaxton 27 smearing of 0.1 eV was employed for the Brillouin zone integration. The effect of spin orbit interaction was included in the system along with the periodic boundary condition.
The equilibrium lattice parameter of PbTe at different temperatures from first-principles study 28 and experimental results on the thermal displacements of Pb 2þ ionic cores from the equilibrium sites 9 were incorporated in our calculations. As the temperature increases, both Pb 2þ and Te 2À ions will displace from their equilibrium lattice sites. To simplify ions relative to the Te 2À ions by taking the later as the reference. From the previous results, 9, 21 it is reasonable to take Te 2À ions as the reference because they are relatively more stable when compared to the Pb 2þ ions. The displacements were incremented in steps in all three directions and the atoms in the crystal structure were fully relaxed to find the stable configuration of the PbTe system at different temperatures. Fig. 1 shows the lattice displacement of Pb 2þ ions at an equivalent temperature of 300 K in h100i direction.
III. RESULTS AND DISCUSSION
The final lattice off-centering of Pb 2þ ionic cores from their equilibrium sites are shown in Table I . The distortions are predominant in the x direction, small along y and negligible along the z directions. In addition, as the temperature increases, the displacements along x increases, while those along y decreases. Since the displacements along z are negligible, the lattice distortions of the Pb 2þ ionic cores are more likely to appear in the h100i direction as the temperature increases, especially when the temperature is above 200 K. Also, with the increase in temperature, the lattice distortions of Pb 2þ ions tend to saturate. The bond distance between Pb and Te atoms changes. At 0 K, with no displacements, the Pb-Te bond distance is 3.278 Å and at 400 K, the longest Pb-Te bond distance is 3.437 Å and the shortest is 3.155 Å .
Experimentally, it is observed that the energy bandgap of PbTe is temperature dependent. 20, 30, 31 The energy bandgap increases linearly with temperature until 400 K and above 400 K, it remains constant. 19 The reference energy bandgap values 19 and our calculated values are compared in Table II . The experimental linear temperature dependence of energy bandgap up to 400 K is given by Eq. (1) 19,20
The linear regression of our calculated energy bandgap at different temperatures is given by Eq. (2)
The experimental data for the energy bandgap and our calculated values from each stable configuration are compared. As shown in Fig. 2 , our theoretical calculations and experimental findings 20 are in relative agreement. However, we could see that the bandgap of PbTe is underestimated when compared to experimental results in the temperature range of concern because of the discontinuity in the exchange and correlation potentials used in our DFT calculations.
Other properties of interest calculated in this study are the conductivity effective masses of electrons and holes. The temperature dependence of charge carrier effective masses in PbTe is well studied. [31] [32] [33] We determined the conductivity effective masses of holes and electrons from the electronic bandstructure calculations. The general assumption of parabolic energy bands does not hold for lead telluride. PbTe has a complex bandstructure, and the non-parabolicity of the conduction and valence bands have to be considered to determine the electronic properties of the material. 19 The complex band structure is the result of band interactions. 34 The curvature of the band edges is an important parameter because the rate of change of slope of bandstructure is the effective mass of the charge carrier, which is used in evaluating the 35 This model assumes that the band extrema for the conduction and the valence bands occur at the same k-point, which is the case in PbTe material, where the conduction and the valence bands occur at the L-point of the Brillouin zone.
The energy dispersion relation in terms of bandgap, conductivity effective mass, and wave vector is given by
The electronic bandstructure of the material has been calculated at different temperatures using the stable configurations of the system that was estimated previously for a temperature range from 0 to 400 K. The conduction and valence bands for the PbTe system determined from Pb 2þ ionic displacements within the lattice expansion at different temperatures are represented in Fig. 3 . Our primary area of focus is the band edges of the conduction and valence bands because the charge carriers in these energy levels primarily contribute to the transport properties of the material. We used the dispersion relation from Kane's two-band model 35 and did curve fitting with the band edges to obtain the conductivity effective masses of holes and electrons.
Curve fitting of the conduction and valence band edges at 300 K is shown in Fig. 4 . Similar curve fittings were performed in this study for the temperature range, 0 and 400 K. We could see that away from the band edges, the dispersion relation is almost linear, which is typical for a narrow bandgap semiconductor. This is attributed to the semi relativistic behavior of charge carriers in the electronic energy bands. 37 The conductivity effective masses of holes and electrons in the 0-400 K temperature range calculated using the dispersion relation are shown in Table III . We also compare the conductivity effective masses of holes and electrons in the temperature range from 0-400 K with results from Wagner 38 and Landolt Bornstein 39 as shown in Fig. 5 . There is an increase in conductivity effective masses with temperature, which could also be interpreted from the band structure as shown in Fig. 3 . The energy bands broaden and flatten leading to higher effective masses of charge carriers.
The relation between conductivity effective masses of charge carriers and temperature is expressed in Eqs. (4) and (5) as identified by Wagner From our DFT calculations, we developed the relation between conductivity effective masses of charge carriers that are expressed in Eqs. (6) and (7) 
IV. CONCLUDING REMARKS From our DFT calculated results, the distortion of Pb 2þ ionic cores has a direct relation with the enhancement of energy bandgap of PbTe with temperature. The displacement of Pb 2þ ions saturates at approximately 450 K, 9 and the energy bandgap also increases linearly till 400 K and later remains constant. From the comparison of the band structure at different temperatures, we could see that the conduction and valence bands are highly non-parabolic and the increase in direct energy bandgap with temperature is clearly seen at the L point of the Brillouin zone.
The flattening of energy bands at the band edges with increase in temperature implies that the energy bands are becoming heavier. This leads to a higher effective mass of charge carriers that impacts the transport properties of a material. The electrical conductivity of a material will decrease because of reduction in mobility of charge carriers with large effective mass. 40 On the contrary, the Seebeck coefficient of a material increases with increase in the charge carrier effective mass. 40 Though the first-principles DFT calculations are done at absolute zero temperatures, by incorporating the lattice thermal expansion and the distortion of Pb 2þ ions from the equilibrium positions, we could determine the stable structural configuration of the PbTe system at different temperatures. Using the thermal lattice expansion and the distortion results, we could successfully determine the electronic properties of the materials at the desired temperature range. The linear temperature dependence of the energy bandgap and the effective masses of charge carriers were obtained from our first-principles calculations, which are important parameters in evaluating the transport properties of thermoelectric materials such as the Seebeck coefficient and electrical conductivity.
